In this study, we consider nonlinear interactions between components such as dark energy, dark, matter etc, in the Friedman-Robertson-Walker space-time framework. We propose that i) the dynamics of the interacting two-fluid with linear EoS can be given by Lotka-Volterra equations, twofluid model with quadratic EoS can be transformed to the self-interacting Lotka-Volterra equations, and these equations can be generalized to N interacting Lotka-Volterra equations for more interacting fluids, ii) Lotka-Volterra model of the universe dynamics can leads to the chaotic evolution for suitable values of equation of state parameters. This model may cover the Big Bang and oscillate universe models. On the other hand it is candidate model to solve singularity, flatness, horizon, coincidence and fine tuning problems and to explain large scale organization of the universe such as galaxy formations and attractors, and matter distributions in the universe.
I. INTRODUCTION
Although many models have been suggested to explain existence and the dynamics of the universe, fundamental questions about large scale organization, past and future of the universe could not be answered yet. Due to the Big Bang scenario modern cosmology suggest four main periods to explain the evolution of the universe such as vacuum (Planck), radiation, matter and dark energy era [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . However the Big Bang theory also leaves many questions unanswered such as singularity, flatness, horizon, coincidence and fine tuning problems [1] [2] [3] [4] [5] [6] [7] [8] .
In this study we propose a different scenario for the dynamics and evolution of the universe unlike popular models. This model is a simple model and it based on nonlinear interactions between components dark energy, matter, dark matter etc. Interactions between these components allow me set up a new scenario on the universe evolution. We know that, at present, the universe is composed of approximately 5% baryonic matter, 20% dark matter, and 75% dark energy. However the effect of interactions between different kinds of components on the dynamics of the universe are unknown yet. Whereas, the interactions between these components may play important role on the dynamics at large scale. Indeed recently, many interacting models have been suggested to solve coincidence, fine tuning and singularity problems [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . However none of the of these model are not taking account into nonlinear evolution of the universe. Firstly in this study we consider in the Friedman-RobertsonWalker(FRW) framework the nonlinear interactions between dark matter, dark energy etc., and we show that these interactions can be represented by Lotka-Volterra equations [34, 35] . This study is important for two different reasons. First reason: universe dynamics and evolution can be represented by Lotka-Volterra equations. * ekrem.aydiner@istanbul.edu.tr Second reason: the kind of Lotka-Volterra dynamics of the universe leads to chaotic evolution for suitable values of equation of state parameters. In this paper we will defend the main thesis to present a new chaotic universe model for the dynamics, evolution and to explain structural organization of the universe. This model combines of the Big Bang and oscillate universe models. At he same time this model may solve singularity, flatness, horizon, coincidence and fine tuning problems and may explain large scale organization of the universe such as galaxy formations and attractors, and matter distributions in the universe.
Paper is simply organized follow. In Section II, we briefly present FRW model. In section III, we show that non-linear interacting two-fluid model with linear EoS can be transformed to the Lotka-Volterra equations of the competing two different species. In Section IV we show that interacting two-fluid model with nonlinear quadratic EoS can be transformed to the self-interacting LotkaVolterra equations. We find fixed points of these equations and discuss the dynamics of universe. In Section V, we generalize these equations to N interacting LotkaVolterra equations for more interacting fluids. Last Section is devoted discussion.
II. FRIEDMAN-ROBERTSON-WALKER MODEL
A flat Friedman-Robertson-Walker(FRW) space time whose line elements are given by
where a(t) is the scale factor of the three-dimensional flat space, i indicates the spatial components. FRW equations due to the metric (1) are given by
where κ 2 = 8πG is the gravitational constant, H ≡ a a is Hubble rate, ρ is energy density and p is pressure. The energy density ρ and pressure p satisfy continuity equation, i.e, energy conservation equation
where over-dot indicates the time derivative. The relation between ρ and p is given by
where w is EoS parameter which is constant and equal to exactly −1 for FRW framework. For the single fluid the energy conservation (3) is given in known form
III. INTERACTING UNIVERSE MODEL
However, in the real situation, it is known that universe are filled with dark energy, dark matter, matter and radiations etc. Therefore these are unavoidably interacts each others. Neglecting radiations, baryons ec., the conservation equations for the background dark matter (m) and the dark energy (d) are
where Q is arbitrary coupling function and subscript stands for a generic dark energy model to be specified [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . The conservation equations are subject to the Friedman constraint
In this situation, the total energy conservation holds, ρ ef f + 3H(ρ ef f + p ef f ) = 0 where ρ ef f = ρ d + ρ m and p ef f = p d +p m and the FRW Eq. (7) do change. The form of Q is determined under phenomenological assumptions, mainly, the dimensional analysis is used to construct interactions. It is reasonable to consider interactions which could improve previously known results and at the same time will not make the mathematical treatment of the problems complicated. It is widely believed that deeper understanding of the nature of dark energy and dark matter could give fundamental explanations of the phenomenological assumptions about interaction. There are different Q definition in the literature [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . In this work we set
Therefore, conservation equations under these chosen are given by
These diffferential for of these equations are given by
By using these relation
Eqs. (9a) and (9b) can be transformed to
where
Clearly one can see that the coupled Eqs. (11a) and (11b) are the Lotka-Volterra equations [34, 35] of competing two species. The equilibrium occurs in the model when both of the derivatives are equal to zero.
When solved for x 1 and x 2 the above system of equations yields
These are fixed points of the coupling equations. The stability of the fixed points at the origin can be determined by performing a linearisation by using partial derivation. The Jacobian matrix of the model is
where J = J (x 1 , x 2 ). When evaluated at the steady state of (0, 0) the Jacobian matrix J becomes
The eigenvalues of this matrix are λ 1 = Γ 1 = −3H (1 + w m ) and λ 2 = −Γ 2 = 3H (1 + w d ). Evaluating J at the second fixed point leads to
The eigenvalues are
In this model the value of eigenvalues depend on EoS parameters w m and w d . Therefore the characteristic properties of these eigenvalues are determined by sign of EoS parameters. The stability of these fixed point are of significance. In the case w d < −1 and w m ≥ 0; the fixed point S 1 has two real eigenvalues. The relation between eigenvalues is given as λ 2 > 0 > λ 1 which indicates fixed point S 1 is a saddle
Hence the linear analysis cannot tell more about nature of S 2 , since the eigenvalues may have null real part. Therefore to understand better how the limit cycles behave and on what they do depend on, let's take the ratio of the two equation of the models, hence trying to solve
by separating the variables, the equation reads:
integrating now from an arbitrary initial point (x 10 , x 20 ) and an arbitrary point (x, y), one obtains
where F (x 1 , x 2 ) is the equation of a surface, which depends on the initial conditions (x 10 , x 20 ) and represents an invariant of motion. Analyzing Hessian matrix H(F ), one can show that F (x 1 , x 2 ) is a convex function of (x 1 , x 2 ), that S 2 represents the critical points, and that the contour lines are close curves. These close curves ones are also the limit cycles of the system Eqs. (11a) and (11b), and all the trajectories go onto them.
IV. SELF-INTERACTING UNIVERSE MODEL
Now we consider a non-linear barotropic EoS p = p(ρ). The specific case of general quadratic EoS of the form can be given as
Here we neglect higher order terms and only interested in quadratic form of the EoS p = p 0 +A 1 ρ+A 2 ρ 2 . The usual scenario for a cosmological fluid is a standard linear EoS (p 0 = A 2 = 0), in which case A 1 = w is usually restricted to the range −1 < α < 1. The parameter A 2 set the characteristic energy scale of the quadratic term [36] . In high energy regime restricted equation of state can be chosen as p = A 1 ρ + A 2 ρ 2 . Hence for coupling case, dark matter and dark energy pressure are modified as p m = A 1m ρ m + A 2m ρ 
By using Eq. (10), these equation can be transformed to
As can be seen that the quadratic term in rhs of Eq. (22a) and (22b) correspond to self-interacting terms in between components of the universe [28] [29] [30] [31] [32] [33] . One can clearly see that these equation are coupled two interacting species such as dark matter and dark energy in the universe and which looks like to Lotka-Volterra equations. As a result, by using quadratic EoS we find that coupling interactions lead to self-interacting Lotka-Volterra equations. Now we discuss fixed point and stability analysis. The two equation of the self-interacting models in the phase plane is is given
Unlike Eq. (17), the phase plane differential equation in Eq. (23) is not separable. The simple isoclines are
Both of these isoclines are straight lines with positive x 1 and x 2 intercepts depending case of i)
. From time dependent differential equations, one can see that there are two of three equilibrium population of species depending on the EoS parameters in the competing-species model in Eq. (22a) and (22b). In the first and second cases, there are only two equilibrium point which correspond to the extinction of at least one of the species in the universe. However, in the cases of third and fourth there are three equilibrium points in which both species in the universe coexist. This equilibrium population is given by the intersection of the two straight lines Γ
Thus these points are given
Stability of the coexistent equilibrium population can be discussed for different cases.
V. GENERALIZED DYNAMICS OF UNIVERSE
Additionally we generalize these coupling equations to interacting three or more species of fluids such as dark matter, dark energy, baryonic matter and radiation etc. Without loss of generality we introduce the simplest form of such a system in which N species in universe model with population x i for i = 1 to N compete for a finite set of resource as
and so on..., where β = (1+wx)
where x i denotes the density of the i-th species, Γ i (i = 1, 2, 3, ...) is its intrinsic growth (or decay) rate and the matrix η ij is called the interaction matrix. This equation can be called generalized interacting equation for all component such as dark energy, dark matter, radiation etc., and this equation is the same as the equation of competitive species in Ref. [37] . Imposing the additional conditions r i > 0 and η ij ≥ 0 leads to competitive species or agent competes for a finite set of resources. These conditions also ensure that all solutions with non-negative initial conditions have highly desirable feature that they remain bounded and asymptotically approach the region 0
On the other hand, matrix elements η ij are given by
, and so on. Eq. (27) can also be viewed as the first approximation in a Taylor-series expansion for a wide class of models with the highly desirable feature that solutions are asymptotically bounded x i ≤ 1 when η ij ≥ 0.
In this case we find that our self-interacting model in Eq. (27) equal to the model in Ref. [37] . One can easily investigate the dynamics of these equations. we simply suggest that these coupled and nonlinear equations produce more complicate and surprising dynamics in the universe in the large time scale. We roughly say that for N = 1 case, the Eq. (27) is reduced to the Verhulst [38] equation (26a) and solutions for all initial conditions x (0) > 0 are asymptotic, as t → ∞, to the stable equilibrium at x = 1. For N = 2, Eq. (26b) leads two fixed points i.e. there is a coexisting equilibrium at the fixed point x E 1 and x E 1 . Apparently, for N ≤ 3 chaos is not possible. However for N = 3 case it is shown that chaotic behavior can appear in Eq. (26c) when some of the η ij are negative [39] . The case N = 3 admits also limit cycles. Vano et al. [37] studied the occurrence of chaos in basic Lotka-Volterra models of four competing species. And surprisingly they found chaos in a four-species competitive Lotka-Volterra model for some of the r i and η ij values. Therefore one can show that our competing model in Eq. (27) instead of more smooth expanding dynamics depend on EoS parameters leads to rich dynamics in the our universe.
VI. CONCLUDING REMARKS
In this study we show that in the presence of the interaction between dark matter and dark energy coupling equations can be written in the form of Lotka-Volterra equation due to interaction parameter Q. On the other hand, we show that in the presence of self interactions in dark energy and/or dark energy which can be represented by quadratic EoS, coupling equation can be given in terms of self-interacting Lotka-Volterra equations. These results firstly is obtained here and it may give a new and deeper perspective to understanding universe dynamics. Furthermore we show that it can be generalized the coupling interactions for more component of the different fluids based on simply quadratic EoS. In this study, singularity, flatness, horizon, coincidence and fine tuning problems have not been discussed based on introduced model. However, we discuss how to model of the dynamics of universe in the presence of interaction and selfinteractions in between universe components and shown that the equations correspond to dynamics of universe can be given in terms of Lotka-Volterra equations. We show that for choosing suitable competing, interacting and self-interacting models, the dynamics of universe at large scale and within the time may have stable, unstable or chaotic behavior in the presence of the interaction and self-interaction in between dark energy, dark matter, matter and others components of the universe. This scenario may present unusual dynamics and evolution for the our universe unlike other popular models. One can compute easily these dynamics by using suitable EoS parameters for different interacting and self-interacting components to see stable, unstable and chaotic behavior, however model needs to be confirmed experimentally. 
